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This exercise sheet should be hand in during the lecture on Wednesday 09.12.2009 and will be
corrected on Friday 11.12.2009.

Exercice 1 [4 points] We do not make any assumption on chark in this exercice.
(ı) Prove that there is no semisimple Lie algebras of dimension 1 or 2.
(ıı) Prove that there is at least one semisimple Lie algebra of dimension 3.

Exercice 2 [4 points] Let g be a simple Lie algebra and b an invariant bilinear form.
(ı) Prove that b is either trivial or non degenerate.
(ıı) Prove that if k is algebraically closed, then b is a scalar multiple of the Killing form.

Exercice 3 [12 points] Let b be a non degenerate symmetric or antisymmetric bilinear form on a
vector space V . In this exercice, we prove without using our (unproved) characterisation of reductive
Lie algebras that glb(V ) is semisimple (except for dimV = 2 and b symmetric).

(ı) By considering the Killing form, prove that we may assume that k is algebraically closed.
(ıı) Symmetric case. Let n = dim V and consider a basis (ei) of V such that b(ei, ej) = δi,n+1−j.

(a) Prove that the elements Ai,j = Ei,j −En+1−j,n+1−i are in glb(V ) and form a basis for i + j < n.

(b) Consider the elements of the form E =
∑

i tiEi,i lying in glb(V ). Using the fact that the Killing
form is invariant, prove that the restriction of the Killing form on the span of the Ai,j for i 6= j

is non degenerate.

(c) Prove that the Killing form on the span of the Ai,i is non degenerate and conclude.

(ııı) Antisymmetric case. Let 2n = dim V and consider a basis (ei) of V such that

b(ei, ej) =

{

δi,2n+1−j for i ≤ n

−δi,2n+1−j for i ≥ n + 1.

(a) Prove that the elements Ai,j = Ei,j −E2n+1−j,2n+1−i for i, j ∈ [1, n], Bi,j = Ei,j +E2n+1−j,2n+1−i

for i ∈ [1, n], j ∈ [n + 1, 2n] and i + j ≤ 2n and Ci,j = Ei,j + E2n+1−j,2n+1−i for i ∈ [n + 1, 2n],
j ∈ [1, n] and i + j ≤ 2n are in glb(V ) and form a basis.

(b) Consider the elements of the form E =
∑

i tiEi,i lying in glb(V ). Using the fact that the Killing
form is invariant, prove that the restriction of the Killing form on the span of the Ai,j for i 6= j

and Bi,j and Ci,j is non degenerate.

(c) Prove that the Killing form on the span of the Ai,i is non degenerate and conclude.
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