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Abstract

In this article, we explicitly describe the Gorenstein locus of all minuscule Schubert varieties. This proves
a special case of the conjecture of A. Woo and A. Yong [Alexander Woo, Alexander Yong, Governing
singularities of Schubert varieties, J. Algebra 320 (2) (2008) 495–520] regarding the Gorenstein locus of
Schubert varieties.
© 2008 Elsevier Inc. All rights reserved.
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0. Introduction

The description of the singular locus and of the types of singularities appearing in a Schubert
variety X(w) is a challenge. A first step in this direction was the proof by V. Lakshmibai and
B. Sandhya [12] of a pattern avoidance criterion for a type A Schubert variety to be smooth. There
are also some other results in this direction; for a detailed account, see [1]. Another important
result was a complete combinatorial description, still in type A, of the decomposition

Sing
(
X(w)

) =
n⋃

i=1

Xi

of the irreducible components of the singular locus Sing(X(w)) of X(w) (this was almost si-
multaneously realized by L. Manivel [14] and [15], S. Billey and G. Warrington [2], C. Kassel,

E-mail address: nperrin@math.jussieu.fr.
0001-8708/$ – see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.aim.2008.09.012



506 N. Perrin / Advances in Mathematics 220 (2009) 505–522
A. Lascoux and C. Reutenauer [10] and A. Cortez [7]). [15] and [7] also give the singularity
type at a generic point of such a component. Another result in this direction is the description by
M. Brion and P. Polo [4] of the irreducible components of the singular locus, and of the generic
singularity of minuscule and cominuscule Schubert varieties (see Definition 1.1). Such a com-
binatorial description of the singular locus is missing, in general. However, a more geometric,
but less explicit, procedure to characterize the singular locus of Schubert varieties is given by
J. Carrell and J. Kuttler in [5] and [6].

In the same vein as [12], A. Woo and A. Yong gave in [20] and [21] a generalized pattern
avoidance criterion, in type A, to decide if a Schubert variety is Gorenstein. They do not describe
the irreducible components of the Gorenstein locus, but give a precise conjecture for it based on
the following conjecture (see Conjecture 6.7 in [21]):

Conjecture 0.1. Let X(w) be a Schubert variety, and denote with (Xi)i∈[1,n] the irreducible
components of its singular locus. Then the non-Gorenstein locus of X(w) is the union

⋃
i∈NG

Xi

where NG = {i ∈ [1, n] | the generic point of Xi is not Gorenstein in X(w)}.

The importance of this conjecture lies in the fact that, at least in type A, the irreducible com-
ponents of the singular locus and the singularity of a generic point of that component are well
known. The conjecture would imply that one only needs to know the information about the
irreducible components of the singular locus in order to derive all the information about the
Gorenstein locus.

In this paper, we prove this conjecture for all minuscule Schubert varieties, thanks to a com-
binatorial description of the Gorenstein locus of minuscule Schubert varieties. To do this, we use
a combinatorial tool, introduced in [17], associating to any minuscule Schubert variety a minus-
cule quiver, which generalizes the Young diagrams. We first translate the results of M. Brion and
P. Polo [4] in terms of the quiver. We define the holes, the virtual holes and the essential holes of
the quiver (see Definitions 1.8 and 2.1) and prove the following:

Theorem 0.2.

(i) A minuscule Schubert variety is smooth if and only if its associated quiver has no nonvirtual
hole.

(ii) The irreducible components of the singular locus of a minuscule Schubert variety are indexed
by the essential holes.

Furthermore, we explicitly describe these irreducible components, and the singularity at a
generic point of a component, in terms of the quiver and the essential holes (for more details
see Theorem 2.7). In particular, with this description, it is easy to tell whether the singularity
at a generic point of an irreducible component of the singular locus is Gorenstein or not. The
essential holes corresponding to irreducible components having a Gorenstein generic point are
called Gorenstein holes (see also Definition 2.15). We then prove our main result, giving the
following complete description of the Gorenstein locus of a Schubert variety X(w):
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Theorem 0.3. The generic point of a Schubert subvariety X(w′) of a minuscule Schubert va-
riety X(w) is in the Gorenstein locus if and only if the quiver of X(w′) contains all the non-
Gorenstein holes of the quiver of X(w).

This description implies the following corollary.

Corollary 0.4. Conjecture 0.1 is true for all minuscule Schubert varieties.

Example 0.5. Let G(4,7) be the Grassmannian variety of 4-dimensional subspaces in a 7-
dimensional vector space. Consider the Schubert variety

X(w) = {
V4 ∈ G(4,7)

∣∣ dim(V4 ∩ W3) � 2 and dim(V4 ∩ W5) � 3
}

where W3 ⊂ W5 is a fixed partial flag of subspaces of dimensions 3 and 5 respectively. The
minimal length representative w is the permutation (2357146). Its quiver is the following (all the
arrows point down, and the two holes are circled):

The left hole is not a Gorenstein hole (this can be easily seen because the two peaks above
this hole do not have the same height; see Definition 1.8), but the right one is Gorenstein (the
two peaks have the same height). Let X(w′) be an irreducible component of the singular locus
of X(w). The possible quivers of such a variety X(w′) are the following (for each hole we
remove all the vertices above that hole, replacing them with the sign ×):

These Schubert varieties correspond to the permutations: (1237456) and (2341567). Let
X(w′) be a Schubert subvariety in X(w) whose generic point is not in the Gorenstein locus.
Then X(w′) is contained in X(1237456).

Remark 0.6. The quivers defined in [17] are order ideals in the irreducible minuscule posets
defined by R.A. Proctor in [18]. The previous results (Theorems 0.2 and 0.3 and Corollary 0.4)
could also have been stated with this terminology. We kept the quiver notations since we used
quivers in [17] to define the canonical relative models of a minuscule Schubert variety, which we
will use in our proof. We believe the translation will be easy for the reader used to R.A. Proctor’s
notations.

The proof of Theorem 0.3 goes as follows. We first define the Schubert subvarieties that are
expected to be in the Gorenstein locus of the Schubert variety X(w) according to Conjecture 0.1.
We call them (WY)-Schubert varieties. We describe the (WY)-Schubert varieties in terms of



508 N. Perrin / Advances in Mathematics 220 (2009) 505–522
quivers and prove that they cover the Gorenstein locus (see Proposition 2.17). To prove the con-
verse, we use a tool provided by Mori theory: the relative canonical model π̂ : X̂(w) → X(w),
which is a birational proper map from a Gorenstein variety to X(w). We prove that the map π̂ is
an isomorphism on an open subset of any (WY)-Schubert subvariety of X(w), thus proving that
the (WY)-Schubert subvarieties are in the Gorenstein locus. To study the fiber of π̂ , we use the
explicit description of π̂ given in [17].

Organization of the paper. In Section 1 we define our main combinatorial tool, the quiver
of a minuscule Schubert variety. These quivers were already defined in [17]; we only recall
the definition of these quivers and their main properties. For more details, we refer to [17]. In
Section 2, we reinterpret some results of M. Brion and P. Polo [4] in terms of quivers. We describe
the irreducible components of the singular locus of X(w), define the (WY)-Schubert subvarieties,
and prove that they cover the Gorenstein locus. In Section 3, we recall the description of the Bott–
Samelson resolution X̃(w) of the Schubert variety X(w) as a configuration variety, à la Magyar.
We then describe the relative canonical model π̂ : X̂(w) → X(w) of X(w) as a configuration
variety, study the fiber of π̂ and prove Theorem 0.3.

Notation and convention. In this paper, we work over the field of complex numbers.
We fix a semisimple algebraic group G, a Borel subgroup B of G, and a maximal torus T

in B . We denote with R the root system of (G,T ), and by R+ and R− the sets of positive and
negative roots. We denote with S the set of simple roots, and by W the Weyl group of G.

We also fix P a parabolic subgroup containing B . We denote with WP the Weyl group of P

and with WP the set of minimal length representatives in W of the coset W/WP . Recall that the
Schubert varieties in G/P (that is to say the B-orbit closures in G/P ) are parametrized by WP .
We denote with RP the root system of P .

1. Minuscule Schubert varieties and minuscule quivers

In this section, we recall the definition of a minuscule Schubert variety X(w). We recall the
definition of our main combinatorial tool: the quiver Qw associated with the minuscule Schubert
variety X(w). We also recall some combinatorial objects that we can associate to Qw: the peaks
and the holes of Qw , and the height of a vertex in Qw .

Many of the definitions and properties stated here can also be found in [17]. We try to avoid
repetition and to reproduce only the definitions and properties that are necessary for the reader’s
understanding of the material.

1.1. Minuscule Schubert varieties

We recall very briefly the definition of minuscule weights. For more details, a basic reference
is [11]. A list of minuscule weights can also be found in [1, Chapter 9].

Definition 1.1.

(i) A fundamental weight � is said to be minuscule if, for all positive roots α ∈ R+, we have
〈α∨,� 〉 � 1.

(ii) Let � be a minuscule weight and let P� be the associated parabolic subgroup. The homo-
geneous space G/P� is then said to be minuscule. The Schubert varieties of a minuscule
homogeneous space are called minuscule Schubert varieties.
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Remark 1.2. It is a classical fact that to study minuscule homogeneous spaces and their Schu-
bert varieties, it is sufficient to restrict ourselves to simply-laced groups. See for example [17,
Remark 3.4].

According to the previous remark, we will assume, in the rest of the paper, that the group G

is simply-laced. We assume that the parabolic subgroup P is a maximal parabolic subgroup
associated with a minuscule fundamental weight � . The minuscule homogeneous space G/P

will be denoted by X, and the Schubert variety associated with w ∈ WP will be denoted by X(w),
with the convention that the dimension of X(w) is equal to the length l(w) of w.

1.2. Minuscule quivers

We start with the construction of a quiver Qw̃ associated with any expression w̃ of an element
w ∈ W in terms of simple reflections. This was done in [17]; here we simply recall the definition
of Qw̃ . Fix an expression w = sβ1 · · · sβr of w with βi ∈ S for all i ∈ [1, r], and denote this
expression by w̃.

Definition 1.3.

(i) The successor s(i) and the predecessor p(i) of an element i ∈ [1, r] are the elements
s(i) = min{j ∈ [1, r] | j > i and βj = βi} and p(i) = max{j ∈ [1, r] | j < i and βj = βi}.

(ii) Define the quiver Qw̃ as the quiver whose set of vertices is the set [1, r] and whose arrows
are given in the following way: there is an arrow from i to j if and only if 〈β∨

j , βi〉 
= 0 and
i < j < s(i) (or only i < j if s(i) does not exist).

The first important feature of the minuscule homogeneous space X is the fact that any element
w ∈ WP has a unique reduced expression modulo commuting relation (see [19]). Therefore, the
quiver Qw̃ does not depend on the reduced expression we choose for w ∈ WP . We denote this
quiver by Qw .

Remark 1.4.

(i) The quiver Qw comes with a coloration of its vertices by simple roots, via the map
β : [1, r] → S defined by β(i) = βi .

(ii) There is a natural order on the quiver Qw given by i � j if there is an oriented path from j

to i. Beware of the fact that this order is the reversed order of the one defined in [17].
(iii) Note that if we denote with Q� the quiver obtained from the longest element in WP , then

the quiver Qw is a subquiver of Q� . The quivers of Schubert subvarieties are exactly the
order ideals in the quiver Q� .

(iv) We may find all the reduced expressions for w (all obtained from the commuting relations)
by using the quiver Qw: take any order [i1, . . . , ir ] on the vertices of Qw such that ij � ik
implies j � k, we have w = sβ(i1) · · · sβ(ir ).

Definition 1.5. A quiver Q together with a map q : Q → S where S is the set of simple roots of
a semisimple group G with Weyl group W , will be called a minuscule quiver for G if (Q,q) =
(Qw,β) for some element w ∈ WP , where P is a minuscule parabolic subgroup of G.
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Remark 1.6.

(i) Let q : Q → S be a minuscule quiver for a group G. Consider the semisimple subgroup G′
of G generated by the simple roots in the image S′ of q . The restriction q ′ : Q → S′ defined
by q realizes Q as a minuscule quiver for G′; the corresponding parabolic P ′ is P ′ = P ∩G′.

(ii) Minuscule quivers have a very special geometry, which is described in more detail in [17].

Example 1.7. Let X = G(4,8) be the Grassmannian variety of 4-dimensional subspaces in an
8-dimensional vector space. The longest element in WP is (56781234). Its quiver Q� is the
following (all the arrows point down, and the map β is the vertical projection to the Dynkin
diagram of type A7):

The successor s(i) and predecessor p(i) of a vertex i are easily detected on the quiver. These
two vertices, if they exist, are shown in the picture in vertical alignment with the vertex i. The
predecessor (resp. successor) is the lowest (resp. highest) vertex on the vertical line through the
vertex i.

Consider the Schubert variety X(w) in G(4,8) defined by

X(w) = {
V4 ∈ G(4,8)

∣∣ V4 ⊂ W7, dim(V4 ∩ W3) � 2 and dim(V4 ∩ W5) � 3
}
,

where W3 ⊂ W5 ⊂ W7 is a fixed partial flag of subspaces of dimensions 3, 5 and 7, respectively.
The minimal length representative w in WP is the permutation (23571468). Its quiver is the
following (all the arrows point down):

The quiver Qw is shown as a subquiver of Q� , the vertices of Q� not in Qw are marked with ×.
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Note that the quiver Qw is the same quiver as the one described in Example 0.5. The only
difference is the map β . Its target was the Dynkin diagram of type A6 in Example 0.5, but of
type A7 in this example. This is due to the fact that the two Schubert varieties are isomorphic,
but are realized in the two different homogeneous varieties G(4,7) and G(4,8).

We shall see that the quiver Qw encodes some of the geometry of the Schubert variety X(w).
For this we will need the following:

Definition 1.8.

(i) We define a peak to be any vertex of Qw that is maximal for the partial order �. We denote
with Peaks(Qw) the set of peaks of Qw .

(ii) We define a hole of the quiver Qw to be any vertex i of Q� satisfying one of the following
properties:
• the vertex i is in Qw but p(i) /∈ Qw , and there are exactly two vertices j1 � i and j2 � i

in Qw with 〈β∨
i , βjk

〉 
= 0 for k = 1,2;
• the vertex i is not in Qw , s(i) does not exist in Q� , and there exists j ∈ Qw with

〈β∨
i , βj 〉 
= 0.

Because a hole of the second type is not a vertex in Qw we call such a hole a virtual hole
of Qw . We denote with Holes(Qw) the set of holes of Qw .

(iii) The height h(i) of a vertex i is the largest positive integer n such that there exists a sequence
(ik)k∈[1,n] of vertices with i1 = 1, in = r , and such that there is an arrow from ik to ik+1 for
all k ∈ [1, n − 1].

Example 1.9. Consider the Schubert variety X(w) in G(4,8) defined in Example 1.7. We draw
its quiver again and put a circle ◦ around its holes and a box � around its peaks.

The nonvirtual holes are the circled vertices of Qw . There is a unique virtual hole. The heights
of the peaks are, respectively 4, 3 and 3. The heights of the holes are 2 for the nonvirtual ones
and 4 for the virtual one.

Many geometric properties of the Schubert variety X(w) can be read off its quiver. For exam-
ple, the inclusion X(v) ⊂ X(w) of Schubert varieties is equivalent to the inclusion Qv ⊂ Qw of
the corresponding quivers. The following proposition (proved in [17, Corollary 4.12]) is another
example of a geometric property detected by the quiver:

Proposition 1.10. A Schubert subvariety X(w′) in X(w) is stable under Stab(X(w)) if and only
if β(Holes(Qw′)) ⊂ β(Holes(Qw)).
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Recall that M. Brion and P. Polo proved in [4] that the smooth locus of X(w) is the dense
Stab(X(w))-orbit. As a consequence, we obtain the following:

Proposition 1.11. A Schubert variety X(w) is smooth if and only if all the holes of its quiver Qw

are virtual.

We will be more precise in Theorem 2.7 and we will describe the irreducible components of
the singular locus and the generic singularity of this component in terms of the quiver. It is also
easy to detect on the quiver whether the variety is Gorenstein, as proved in [17, Corollary 4.19]:

Proposition 1.12. A minuscule Schubert variety X(w) is Gorenstein if and only if all the peaks
of its quiver Qw have the same height.

2. Generic singularities of minuscule Schubert varieties

In this section, we obtain more geometric information on the Schubert variety X(w) from its
quiver Qw . We translate the results of M. Brion and P. Polo [4] describing the irreducible compo-
nents of the singular locus of X(w), and the singularity at a generic point of such a component,
in terms of the quiver Qw .

Definition 2.1.

(i) Let i be a vertex of Qw , and define the subquiver Qi
w of Qw as the full subquiver con-

taining the set of vertices {j ∈ Qw | j � i}. We denote with Qw,i the full subquiver of Qw

containing the vertices of Qw \ Qi
w .

(ii) A hole i of the quiver Qw is said to be essential if it is not virtual and there is no hole in the
subquiver Qi

w .
(iii) Following M. Brion and P. Polo, denote with J the set β(Holes(Qw))c .

Remark 2.2. In type A, it is easy to check that, for any w ∈ WP , all the holes of the quiver Qw

are essential.

Example 2.3. Denote with G1
Q(7,14) one of the two connected components of the family of

maximal totally isotropic subspaces in C14 with respect to a non-degenerate quadratic form Q.
Consider the following Schubert variety:

X(w) = {
V7 ∈ G1

Q(7,14)
∣∣ dim(V7 ∩ W3) � 2 and dim(V7 ∩ W7) � 5

}

where W3 ⊂ W7 is a fixed partial flag of subspaces of respective dimensions 3 and 7, where W7

is in G1 (7,14). A reduced expression for w is given by w = sα sα sα sα sα sα sα sα sα7 , using
Q 4 5 6 1 2 3 4 5
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the notations of [3] and setting G1
Q(7,14) = G/Pα7 . The quiver Qw has the following form (all

arrows point down):

There are two holes (circled on the quiver). The higher one is an essential hole, while the lower
one is not essential. The second and third quivers (starting from the left) are the quivers Qw,i and
Qi

w for i the essential hole of Qw (the symbol × denotes the positions of vertices in Qw that are
not in Qw,i , resp. Qi

w).

Remark 2.4. The quiver Qw,i is a minuscule quiver for the group G. This is easily seen by
choosing the reduced expression w̃ defining Qw (by means of commuting relations) so that the
last reflections are those corresponding to vertices in Qw,i .

It is easy to see that the quiver Qi
w is also a minuscule quiver but for a subgroup Gi of G and

a minuscule parabolic subgroup Pi of Gi . Denote with Wi the Weyl group of Gi .

Definition 2.5. For i, a vertex of Qw , we denote with wi (resp. wi ) the element in W such that
Qwi = Qi

w (resp. Qwi
= Qw,i ).

Remark 2.6. Based upon the notation of Remark 2.4, the element wi is in WP and the element wi

is in W
Pi

i . We denote with Xi(w
i) the Schubert variety corresponding to wi in Xi = Gi/Pi . We

denote with Bi a Borel subgroup of Pi .

Theorem 2.7.

(i) Let i be an essential hole of Qw; then the Schubert subvariety X(wi) of X(w) whose quiver
is Qw,i , is an irreducible component of the singular locus of X(w). All the irreducible com-
ponents of the singular locus are obtained in this way.

(ii) There exists an open neighborhood U in X(w) of a generic point x in X(wi) such that U

is isomorphic to the product of an affine space and an open neighborhood of the Bi -fixed
point xBi

in the Schubert variety Xi(w
i).

Remark 2.8. The singularity of the Bi -fixed point in Xi(w
i) is described in [4].

Example 2.9. Consider the Schubert variety X(w) defined in Example 2.3. There is a unique
essential hole, so the singular locus of X(w) is irreducible, it is the Schubert variety X(w′) with
w′ = sα5sα6sα4sα5sα7 . With the notation of Example 2.3, we have

X(w′) = {
V7 ∈ G1

Q(7,14)
∣∣ W3 ⊂ V7 and dim(V7 ∩ W7) � 5

}
.

The Schubert variety Xi(w
i) is a Schubert variety of type A4 given as follows:
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Xi

(
wi

) = {
V3 ∈ G(3,5)

∣∣ dim(V3 ∩ F3) � 2
}
,

where F3 is a fixed subspace of dimension 3 in C5. The singularity is locally described as the
cone of decomposable tensors in C3 ⊗ C2, or equivalently, the cone of 3 × 2 matrices of rank at
most 1.

Proof. This result is a reformulation of the main results of M. Brion and P. Polo [4]. Proposi-
tion 1.10 shows that the essential holes are in one-to-one correspondence with maximal proper
Schubert subvarieties of X(w) stable under Stab(X(w)), and that if i is an essential hole, then the
corresponding Schubert subvariety X(wi) is associated with the quiver Qw,i . According to [4],
these subvarieties are the irreducible components of the singular locus.

To describe the singularity of X(wi), M. Brion and P. Polo defined two subsets I and I ′ of
the set of simple roots as follows (the set J is defined in Definition 2.1):

• the set I is the union of the connected components of J ∩ wi(RP ) adjacent to β(i);
• the set I ′ is the union I ∪ {β(i)}.

Proposition 2.10. The set I ′ is β(Qi
w).

Example 2.11. Consider the quiver described in Example 2.3. The map β is given by the vertical
projection

The simple roots in I , in the notation of Bourbaki [3], are the roots α1, α2 and α4, and we add
α3 to get I ′.

Proof. The elements in J ∩ wi(RP ) are the simple roots γ ∈ J such that wi
−1(γ ) ∈ RP .

By (the following) Lemma 2.12, these elements are the simple roots in J that are neither in
β(Holes(Qw,i)) nor in β(Peaks(Qw,i)).

An easy (but fastidious for types E6 and E7) look at the quivers shows that I ′ = β(Qi
w).

A uniform proof of this statement is possible, but requires an involved combinatorial discussion
on the quivers. �
Lemma 2.12. Let β be a simple root, then β satisfies one of the following conditions:

1. w−1(β) ∈ R− \ R−
P if β ∈ β(Peaks(Qw));

2. w−1(β) ∈ R+ \ R+
P if β ∈ β(Holes(Qw)) = J c;

3. w−1(β) ∈ R+
P otherwise.
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Proof. Let w = sβ1 · · · sβr be a reduced expression for w, we want to compute w−1(β) =
sβr · · · sβ1(β). We proceed by induction and deal with the three cases simultaneously. The case
w = Id is easy. Indeed, if β is a simple root, then w−1(β) = β , is positive, and is in RP if and
only if β is not the simple root αP associated with P . In that case, β is not in the image of the
set of peaks, nor in the image of the set of holes. If β = αP , then it is the image of a virtual hole.
In both cases, the result of the lemma follows.

1. Take first β ∈ β(Peaks(Qw)); we may assume that β1 = β and w−1(β) = sβr · · · sβ2(−β).
Let i ∈ Peaks(Qw) such that β(i) = β . Then the quiver obtained by removing i has a (possibly
virtual) hole at s(i). We can now apply induction using the result in case 2.

2a. Let β ∈ J c . Assume first that there is no k ∈ Qw with β(k) = β . Then there exists an
i ∈ Qw such that 〈β∨, βi〉 
= 0. Let us prove that such a vertex i is unique. Indeed, the support
of w is contained in a connected subdiagram D of the Dynkin diagram not containing β . The
diagram D contains the simple root α corresponding to P (except if X(w) is a point, in which
case w = Id). In particular, the quiver Qw is contained in the quiver of the minuscule homoge-
neous variety associated with α ∈ D. It is easy to check on these quivers (see [17] for the shape
of these quivers) that there is a unique such vertex i.

Now consider the quivers Qi
w and Qw,i . Recall that we denote by wi and wi the associated el-

ements in W . We have w = wiwi . We compute (wi)
−1

(β), and because all simple roots β(x) for

x ∈ Qi
w with x 
= i are orthogonal to β , we have (wi)

−1
(β) = sβi

(β) = β + βi . Thus, w−1(β) =
w−1

i (β + βi). Because i was the only vertex such that 〈β∨, βi〉 
= 0, we have w−1
i (β) = β ∈ R+

P ,
and by induction (note that i is now a hole of Qw,i ) we have w−1

i (βi) ∈ R+ \ R+
P , which proves

the result.
2b. Now assume that there exist k ∈ Holes(Qw) with β(k) = β and let i be a minimal vertex

for the property 〈β∨, βi〉 
= 0. Note that k < i. Consider again the quivers Qi
w and Qw,i and

the elements wi and wi . We have w−1(β) = w−1
i (βi + β). As before, we have by induction

w−1
i (βi) ∈ R+ \R+

P so by induction it is enough to show that k is not a peak of Qw,i . But since k

is a hole, there exists a vertex j ∈ Qw with j 
= i, such that there is an arrow j → k in Qw .
Since i was taken to be maximal, j is a vertex of Qw,i and k is not a peak of this quiver.

3. If β is not in the support of w but is not in β(Holes) then w−1(β) = β ∈ R+
P .

Let β in β(Qw) but not in β(Holes(Qw)) or β(Peaks(Qw)) and let k the highest vertex such
that β(k) = β . There exists a unique vertex i ∈ Qw such that i � k and 〈β∨, β(i)〉 
= 0. We
have w−1(β) = w−1

i (βi + β) and the vertex k is a peak of Qw,i , so wi = sβ(k)wk = sβwk and
w−1(β) = w−1

k (βi). Now it is easy to see that either s(i) does not exist – in which case i is not a
virtual hole of Qw,k – or s(i) exists but is neither a peak nor a hole of Qw,k . We conclude with
induction. �

The theorem is now a corollary of the description by M. Brion and P. Polo of the singularities
in terms of I and I ′. �
Remark 2.13. In their article, M. Brion and P. Polo also deal with the cominuscule Schubert
varieties. We believe that Theorem 0.3 and Corollary 0.4 should also hold in that case.

Corollary 2.14. Let i be an essential hole of the quiver Qw . The generic point of the irreducible
component X(wi) of the singular locus is Gorenstein if and only if all the peaks of Qi

w are of the
same height.
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We describe the Schubert subvarieties X(w′) in X(w) that are expected to be Gorenstein at
their generic point using the conjecture of A. Woo and A. Yong.

Definition 2.15.

(i) An essential hole is said to be Gorenstein if the generic point of the associated irreducible
component of the singular locus is in the Gorenstein locus.

(ii) A Schubert subvariety X(w′) in X(w) is said to have the property (WY) if the generic
point of any irreducible component of the singular locus of X(w) containing X(w′) is in the
Gorenstein locus of X(w).

Example 2.16. Consider the Schubert variety X(w) in G(4,8) defined in Examples 1.7 and 1.9.
There are two essential holes; one of them is Gorenstein (the rightmost one), and the other is
not. A Schubert variety X(w′) contained in X(w) has the (WY) property if and only if its quiver
contains the non-Gorenstein essential hole.

Proposition 2.17. Let X(w′) be a Schubert subvariety of the Schubert variety X(w). If the
generic point of X(w′) is Gorenstein in X(w), then X(w′) has the property (WY).

Proof. Let X(v) be an irreducible component of the singular locus of X(w) containing X(w′).
Since the Gorenstein condition is an open condition, the generic point of X(v) is Gorenstein
in X(w). �

Note that, because all the irreducible components of the singular locus of X(w) are stable
under Stab(X(w)), the property (WY) only needs to be checked on Stab(X(w))-stable Schubert
subvarieties.

Proposition 2.18.

(i) Let X(w′) be a Stab(X(w))-stable Schubert subvariety in X(w). Denote with Qw′ its quiver.
Then there exists a sequence (ki)i∈Holes(Qw) of integers greater of equal to −1 such that

Qw′ =
⋂

i∈Holes(Qw)

Qw,ski (i),

where ski (i) is the ki th successor of i and, if ki = −1, the quiver Qw,ski (i) is Qw by conven-
tion.

(ii) Furthermore, the following are equivalent:
• the Schubert variety X(w′) has the property (WY);
• the only essential holes in the difference Qw \ Qw′ are Gorenstein;

• writing Qw′ as in (i), all the quivers (Q
ski (i)
w )i∈Holes(Qw) contain only Gorenstein holes of

Qw;
• the quiver Qw′ contains all the non-Gorenstein essential holes of Qw .

Proof. (i) Remark that the weak Bruhat order is described in terms of the quiver by removing
vertices from the top of the quiver. Consider the subquiver Qw′ in Qw and for each hole i of Qw ,
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define the integer ki = min{k � 0 | sk(i) ∈ Qw′ } − 1. Because of the fact (see for example [11])
that the strong and weak Bruhat orders coincide for minuscule Schubert varieties, the quiver Qw′
has to be contained in the intersection

Q′ =
⋂

i∈Holes(Qw)

Qw,ski (i).

We must therefore remove some vertices from Q′ to get Qw′ . But removing a vertex j of the
quiver Q′ (it has to be a peak of Q′) creates a hole at s(j) (or a virtual hole at j if s(j)

does not exist). Because X(w′) is Stab(X(w))-stable, the last removed vertex j is such that
β(j) ∈ β(Holes(Qw)). This implies that no more vertices can be removed from Q′ to get Qw′ ,
so Qw′ = Q′.

(ii) The Schubert subvariety has the property (WY) if and only if the vertex i corresponding
to each of the irreducible components X(wi) of the singular locus of X(w) containing X(w′) is
a Gorenstein hole. But X(w′) is contained in X(wi) if and only if Qw′ is contained in Qw,i . This
is equivalent to the fact that Qi

w is contained in Qw \ Qw′ , and the proof follows. �
Example 2.19. Let us consider the Schubert variety X(w) and quiver Qw described in Exam-
ple 0.5. The quivers of the Stab(X(w))-stable Schubert subvarieties are given as follows:

We denote with × the places of the removed vertices. The (WY)-Schubert subvarieties are asso-
ciated with the first and third quivers (starting from the left).

3. Relative canonical model and Gorenstein locus

In this section, we prove our main result. To do this, we describe the relative canonical model
π̂ : X̂(w) → X(w) of X(w) in terms of quivers. We then use the combinatorics of quivers to
prove that the morphism π̂ is birational on an open subset of a (WY)-Schubert subvariety. Be-
cause the variety X̂(w) is Gorenstein, this concludes the proof.

3.1. Bott–Samelson resolution and relative canonical model

We start with the Bott–Samelson resolution π : X̃(w) → X(w) of the Schubert variety X(w)

(see M. Demazure [8] or Hansen [9]). This resolution depends on the choice of a reduced expres-
sion of w but two reduced expressions obtained from each other by commuting relations give the
same Bott–Samelson resolution. In particular it is unique for minuscule Schubert varieties. We
will use the description given in [17] of the Bott–Samelson resolution π : X̃(w) → X(w) as a
configuration variety à la Magyar (see [13]).

Let g be an element in G/B and βi a simple root. Denote with Bβi
(resp. Pβi

) the minimal
(resp. maximal) parabolic subgroup containing B associated with βi . Consider the projection pi :
G/B → G/Bβi

whose fibers are projective lines, and set P(x,βi) = p−1
i (pi(x)). The restriction

of the projection qi : G/B → G/Pβi
to P(x,βi) is a closed embedding and we may consider

P(x,βi) as a subvariety of G/Pβ .

i
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Proposition–Definition 3.1. Take an order i1 · · · ir on the vertices of the quiver Qw such that
ij � ik implies j � k. The Bott–Samelson variety X̃(w) is the configuration variety

X̃(w) =
{
(xi)i∈Qw ∈

∏
i∈Qw

G/Pβi

∣∣∣ xi0 = 1 and xij ∈ P(xij−1 , βij ) for all ij ∈ Qw

}
.

P. Magyar [13] (see also [17] for the quiver version of some of the results of Magyar) proved
that this construction does not depend on the order of the choice of the vertices of Qw and gives
another construction of the Bott–Samelson resolution. The map π : X̃(w) → X(w) is given by
the projection on the factor G/Pβm(w)

where m(w) is the minimal element in Qw .
To describe the relative canonical model X̂(w) of the Schubert variety X(w), we start with a

partition on the peaks of the quiver Qw inducing a partition of the quiver Qw itself:

Definition 3.2.

(i) Define a partition (Ai)i∈[1,n] of Peaks(Qw) by induction: set A1 to be the set of peaks with
minimal height, and Ai+1 the set of peaks in Peaks(Qw) \ ⋃i

k=1 Ak with minimal height
(the integer n is the number of different values taken by the height function on the set
Peaks(Qw)).

(ii) Define a partition (Qw(i))i∈[1,n] of Qw by induction:

Qw(i) =
{
x ∈ Qw

∣∣∣ ∃y ∈ Ai : x � y and x 
� z ∀z ∈
⋃
j>i

Aj

}
.

We proved in [17] that the connected components of the quivers Qw(i) are quivers of minus-
cule Schubert varieties, and in particular have a minimal element mw(i). We defined the variety
X̂(w) as the image of the Bott–Samelson resolution X̃(w) (seen as a configuration variety) in
the product

∏n
i=1 G/Pβmw(i)

. Since mw(n) = m(w) we have a map π̂ : X̂(w) → X(w) and a
factorization

X̃(w)

π

π̃
X̂(w)

π̂

X(w).

Example 3.3. Consider the Schubert variety X(w) with associated quiver Qw described in Ex-
ample 0.5.

(i) The Bott–Samelson resolution, seen as a configuration variety, is given as follows (by
convention Vi and V ′

i denote subspaces of dimension i in C7, and W3 and W5 are the fixed
subspaces of dimension 3 and 5 defining X(w)):

X̃(w) =
{(

V1,V2,V3,V4,

V ′
4,V5,V6

) ∣∣∣ V1 ⊂ V2 ⊂ W3 ⊂ V4 ⊂ W5 ⊂ V6,

V2 ⊂ V3 ⊂ V4 ⊂ V5 ⊂ V6 and V3 ⊂ V ′
4 ⊂ V5

}
.

The map π : X̃(w) → X(w) is given by projection on the factor V ′.
4
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(ii) The partition (Ai) is as follows: A1 is composed of the two peaks of smallest height
(here 3) and A2 has as its unique element the highest peak (of height 4). The partition of the
quiver is as follows (the elements in Qw(1) are circled, those of Qw(2) are not):

The variety X̂(w) is the image of the projection map onto the factors (V ′
4,V5). It can be described

as a configuration variety: X̂(w) = {(V ′
4,V5) | dim(V5 ∩ W5) � 4, W3 ⊂ V5 and V ′

4 ⊂ V5}.

Let us recall that the relative canonical model of a variety X, if it exists, is a normal projective
variety X̂, with only canonical singularities (see [16] for more details) together with a birational
map π̂ : X̂ → X such that the canonical divisor KX̂ is Q-Cartier and numerically effective on the
fibers of π̂ . If it exists, the relative canonical model is unique. In [17], we proved the following:

Theorem 3.4.

(i) The map π̂ : X̂(w) → X(w) is the relative canonical model of X(w).
(ii) The variety X̂(w) is a tower of locally trivial fibrations, whose fibers are the Schubert vari-

eties associated with the quivers Qw(i). In particular, X̂(w) is Gorenstein.

Fix w̃ = sβ1 · · · sβr a reduced expression for w, and let K be a subset of [1, r] (or equivalently,
a subset of Qw). We denote with wK the longest element in WP that can be written as a subword
of w̃ without any term sβi

for i ∈ K . We denote with QwK
the corresponding quiver, and call it

the biggest minuscule subquiver of Qw not containing the vertices in K . Let us recall some facts
on X̃(w) and X̂(w) (see for example [17] for details):

Fact 3.5.

(i) For i ∈ Qw , define Di = {(xi)i∈Qw | xi = xp(i)} ⊂ X̃(w). All the Di are divisors on X̃(w),
which intersect transversally.

(ii) Given a subset K of the vertices of Qw , we denote with ZK the transverse intersection of
the Di for i ∈ K . The image of the closed subset ZK by the map π is the Schubert variety
X(wK) whose quiver QwK

is the biggest minuscule subquiver of Qw not containing the
vertices in K .

The quiver Qw(i) defines an element w(i) in W and the fact that these quivers realize a
partition of Qw implies that we have an expression w = w(1) · · ·w(n) with l(w) = ∑

l(w(i)).
We thus prove the following generalization of the previous fact:

Proposition 3.6. Let K be a subset of the vertices of Qw . The image of the closed subset ZK

by the map π̃ is a tower of locally trivial fibrations with fibers the Schubert varieties X(wK(i))

whose quiver QwK(i) is the biggest minuscule subquiver of Qw(i) not containing the vertices of
K ∩ Qw(i).

This variety is the image by π̃ of Z⋃n
Q .
i=1 wK(i)
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Proof. As we explained in [17, Proposition 5.9], the Bott–Samelson resolution is the quotient
of the product

∏
i∈Qw

Ri where the Ri are certain minimal parabolic subgroups by a product of
Borel subgroups

∏r
i=1 Bi . The variety X̂(w) is the quotient of a product

∏n
i=1 Ni of parabolic

subgroups such that the multiplication in G maps
∏

k∈Qw(i)
Rk to Ni by a product

∏n
i=1 Mi

of parabolic subgroups. The map π̃ is induced by the product from
∏

i∈Qw
Ri to

∏n
i=1 Ni . In

particular, this means that for i ∈ [1, n] fixed, the map
∏

k∈Qw(i)
Ri → Ni induces the map from

the Bott–Samelson resolution X̃(w(i)) to X(w(i)). We may now apply part (ii) of the preceding
fact, since the quiver Qw(i) is minuscule.

In terms of configuration varieties, we can understand this proposition as follows: the variety
X̂(w) is a sequence of locally trivial fibrations, whose fibers are isomorphic to the Schubert
varieties X(w(i)) associated with the quivers Qw(i). The variety X̃(w) can be seen as a sequence
of locally trivial fibrations whose fibers are isomorphic to the Bott–Samelson varieties X̃(w(i))

(associated with the quivers Qw(i)). The morphism π̃ is given on each fiber by the Bott–Samelson
resolution map X̃(w(i)) → X(w(i)) and the result follows from Fact 3.5. �
Example 3.7. Consider the Schubert variety X(w) and the quiver Qw described in Example 0.5,
and let K be the subset of Qw consisting of the leftmost hole of Qw . The image of ZK by π

is given by the quiver on the left, and the image of ZK by π̂ is a locally trivial fibration in the
Schubert variety whose quiver is not circled over the Schubert variety whose quiver is circled, in
the right picture.

3.2. Gorenstein locus

We want to study the fibers of the map π̂ over Schubert subvarieties X(w′) in X(w) that
satisfy the property (WY). We first note that their quivers Qw′ behave nicely with respect to the
partition (Qw(i))i∈[1,n] of Qw .

Proposition 3.8. Let X(w′) be a Stab(X(w))-stable Schubert subvariety of X(w) having the
property (WY). Let (Cj )j∈[1,k] denote the connected components of the subquiver Qw \ Qw′
of Qw . Then for each j , there exists a unique ij ∈ [1, n] such that Cj ⊂ Qw(ij ).

Proof. Recall from Proposition 2.18 that, denoting by GorHol(Qw) the set of Gorenstein holes
in Qw , we may write

Qw \ Qw′ =
⋃

i∈GorHol(Qw)

Qski (i)
w ,

with ki an integer greater or equal to −1 and with the additional condition that Q
ski (i)
w contains

only Gorenstein holes. Because the quivers Q
ski (i)
w are connected, any connected component of

Qw \ Qw′ is a union of such quivers. The proposition follows by Lemma 3.9. �
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Lemma 3.9. Let i ∈ Holes(Qw), and assume that Q
sk(i)
w meets at least two subquivers of the

partition (Qw(i))i∈[1,n]. Then Q
sk(i)
w contains a non-Gorenstein hole.

Proof. The quiver Q
sk(i)
w meets two subquivers of the partition (Qw(i))i∈[1,n]; in particular, it

contains two peaks of Qw of different heights. Because Q
sk(i)
w is connected, we may assume that

these two peaks are adjacent. In particular, there is a hole between these two peaks, and this hole

is not Gorenstein and is contained in Q
sk(i)
w . �

We describe the generic fiber of π̂ over a Stab(X(w))-stable Schubert subvariety of X(w)

having the property (WY). To do this, first remark that the map π is B-equivariant and that the
inverse image π−1(X(w′)) has to be a union of closed subsets ZK for some subsets K of Qw .
We will denote with Qw′

w (i) the intersection Qw′ ∩ Qw(i) and with w′(i) the associated element
in W .

Proposition 3.10. Let K be a subset of Qw such that ZK ⊂ π−1(X(w′)), and such that the
morphism π : ZK → X(w′) is dominant. The image of ZK in X̂(w) by π̃ is equal to the image
of ZQw\Qw′ .

Proof. Thanks to Proposition 3.6, we need only compute the quivers QwK(i). Consider the
decomposition into connected components Qw \ Qw′ = ⋃k

j=1 Cj . We may decompose K ac-

cordingly: K = ⋃k
j=1 Kj where Kj = K ∩ Cj . But the fact that each connected component

of Qw \ Qw′ is contained in one of the quivers (Qw(i))i∈[1,n] implies that QwK(i) is exactly
QwK

∩ Qw(i), where QwK
is the biggest minuscule quiver in Qw not containing the vertices

in K (see Fact 3.5). We get QwK
= Qw′ (since ZK is mapped onto X(w′)) and the result fol-

lows. �
Theorem 3.11. Let X(w′) be a Schubert subvariety in X(w). Then X(w′) has the property (WY)

if and only if its generic point is in the Gorenstein locus of X(w).

Proof. We have already seen in Proposition 2.17 that if the generic point of X(w′) is in the
Gorenstein locus of X(w), then X(w′) has the property (WY).

Conversely let X(w′) be a Schubert subvariety having the property (WY). The previous
proposition and the fact that π is B-invariant imply that the closure of the inverse image
π̂−1(Bw′P/P )) (where Bw′P/P is the Schubert cell) is the variety π̃ (ZQw\Qw′ ). This implies
that the map π̂ : π̃(ZQw\Qw′ ) → X(w′) is birational (since the varieties have the same dimension
given by the number of vertices in the quiver, and thus their dense B-orbits are isomorphic). In
particular, the map π̂ is an isomorphism onto an open subset of X(w) that meets X(w′) non-
trivially. Therefore, since X̂(w) is Gorenstein, we are reduced to the case of the generic point of
X(w′) as a point in X(w). �
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